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(N ■ 

^ , We propose two 3-3-1 models (with either neutral fermions or right-handed neutrinos) 

. based on flavor symmetry responsible for fermion masses and mixings. The models can be 

QQ ' distinguished upon the new charge embedding (£) relevant to lepton number. The neutrino 

(N 
[a 
D 



small masses can be given via a cooperation of type I and type II seesaw mechanisms. 
' (— I ' , The latest data on neutrino oscillation can be fitted provided that the flavor symmetry is 

broken via two different directions S'3 Zi and S'3 — >■ Z3 (or equivalently in the sequel 
^ 53 — > ^2 {Identity}), in which the second direction is due to a scalar triplet and another 

antisextet as small perturbation. In addition, breaking of either lepton parity in the model 
with neutral fermions or lepton number in the model with right-handed neutrinos must be 
happened due to the £-violating scalar potential. The TeV seesaw scale can be naturally 



> 

o 

recognized in the former model. The degenerate masses of fermion pairs (/i, t), (c, t) and 
\Q \ (s, 6) are respectively separated due to the S'3 Z3 breaking. 

PACS numbers: 14.60.Pq, 14.60.St, ll.30.Hv, 12.60.-i 



^ ■ I. INTRODUCTION 

The experiments of neutrino oscillations have indicated that the neutrinos have small masses and 



mixings 



thus the standard model of fundamental particles and interactions must be extended. 
Among the proposals known today for explanation of the above problems, the seesaw mechanism Q] 
is perhaps the most popular and natural. In this scenario, the heavy right-handed neutrinos i^/j (or 
called neutral fermions in some variants) are actually required so that the mechanism works. 
The presence of these particles can imply interesting cosmological consequences such as the baryon 
asymmetry via leptogenesis Q]. However, the mystery is that they have not been observed. What 
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is the natural origin of them. There have been nice approaches in which they may be necessary 
constituents of the theory such as left-right symmetry jj] or SO(IO) grand unification j^. 

An alternative is to extend the electroweak symmetry into SU(3)i(X'U(l)x, in which to complete 
the fundamental representations of SU(3)i with the standard model doublets, the right-handed 
neutrinos or neutral fermions may be acquired. This proposal has nice features and been exten- 
sively studied over the last two decades, called 3-3-1 models 1113]. Indeed, in the standard model 
as well as the theories mentioned the number of fermion families is left arbitrarily although from 
the experimental observations and fits we surely know that it is three. The reason possibly origi- 
nates from the fact that the anomalies are canceled on every family, no interplay between families 
needed Q] (see also P. H. Frampton in Q]). In the standard model this cancelation is due to the 
chiral electroweak symmetry S\J {2) l'^V{1)y with the relevant SU(2)i trace Tr [{T^, T^jTc] = for 
any fermion representation. The simplest extension to the SU(3)l (X" U(1)x thus implies the trace 
nonvanished, thereby all the families have to be taken into account which follows that the num- 
ber of fermionic triplets equals to those of antitriplets. Consequently, the number of families is a 
integral multiple of the fundamental color number, which is three, coinciding with the observation. 

There are two typical versions of the 3-3-1 models concerning respective lepton sectors. In the 
first version, called minimal 3-3-1 model, three SU(3)l lepton triplets take the form 
in which Ir are the ordinary right-handed charged-leptons In the second version, the third 

ight-handed neutrinos, (z^l, /l, i^^), called 3-3-1 



components of lepton triplets respectively include ri 
model with right-handed neutrinos [g]. In Refs. IC 



111 ], we have proposed another variant of the 



lepton sectors as (l^LjIl, N^) where Nr are three new fermion singlets carrying no lepton- number 
in contradiction to that of the right-handed neutrinos, called 3-3-1 model with neutral fermions. 
Among the 3-3-1 models as mentioned, the last one can recover the tribimaximal neutrino-mixing 
form [12] under and S4 flavor symmetries, respectively. For some other examples based on 
these flavor symmetries, see [isj] and [l^. We notice also that in the minimal 3-3-1 model the 
charged- lepton masses can be naturally generated via the contribution of SU(3)f scalar antisextet. 

l3,|n|,[i5]. 



In the two others the neutrino masses by contrast can be arisen similarly 

The parameters of neutrino oscillations such as the squared mass differences and mixing angles 
are now very constrained. The data in PDG2010 [1] imply 

5^3 = 0.5, s?2 = 0.304, s?3 < 0.035, 
Am^i = 7.65 X 10"^ eV^ |Am|i| = 2.40 x 10"^ eV^ (1) 

where (and hereafter) the best fits are taken into accounts. Whereas, under the light of new 



experiments jl^, the new data [l^ (see also 18] for previous fits) have been given to be shghtly 
modified from the old fits ([T]): 

5^3 = 0.52, = 0-312, s?3 = 0.013, 

Am|i = 7.59 X 10"^ eV^ |Am|i| = 2.50 x lO^^ eV^. (2) 

If such conclusions on the mixing angles are exact, the simplest explanation is probably due to 
a 5*3 flavor symmetry which is the smallest non-Abelian discrete group [19]. In fact, there is an 
approximately maximal mixing of two flavors /j, and r as given above which can be connected by a 
2 irreducible representation of 5*3 . Besides the 2, the group 5*3 can provide two inequivalent singlet 
representations 1 and 1' which play a crucial role in reproducing consistent fermion masses and 
mixings. The S3 models have been studied extensively over the last decade [2^. 

We would like to extend the above application to the two latter 3-3-1 models with respect to 
the right-handed neutrinos z//j and the neutral fermions as mentioned because of the following 
independent issues, (i) The observed neutrino masses can be obtained by the seesaw mechanism; 
(ii) The anomaly cancelation as determined requires also that one family of quarks has to transform 
under SU(3)l differently from the two others. We should therefore search for a family symmetry 
with 2 and 3 representations respectively acting on such 2- and 3-family indices. Looking for a 
group with corresponding irreducible representations, the simplest is 6*4 which has been explored 



m 



lll |. Another possibility with A4 has been given in [10]. In this paper, it is worth to investigate 



a simpler group choice with in which 3 and 2 are the defining and irreducible representations of 



Id, 



111 ]. It is also 



this group, respectively. The physics as we will see is different from the formers 
noted that the numbers of fermion families in the 3-3-1 model have an origin from the anomaly-free 
gauge symmetry naturally meet with our criteria on the dimensions of flavor group representations 
as such S3, unlike the others in the literature put by hand 14, [2^. 



The rest of this work is as follows. In Sec. [TI] we present the necessary elements of the 3-3-1 
model with neutral fermions Nji under the 53 symmetry as well as introducing necessary Higgs 
fields responsible for the quark and charged-lepton masses. Section Hill is devoted to the neutrino 
mass problem. Section IIVI introduces the S3 symmetry into the 3-3-1 model with right-handed 
neutrinos and briefly remarks on its consequences. We summarize our results and make conclusions 
in Sec. |Vl Appendix |A] briefly provides the theory of 5*3 group. Appendices iB] and [Cl present the 
lepton numbers and scalar potentials of both the models, respectively. 
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II. THE 3-3-1 MODEL WITH NEUTRAL FERMIONS (Nr) 
A. Fermion content 

The gauge symmetry is given by SU(3)c ® SU(3)l ® U(l)x (thus named 3-3-1), where the 
electroweak factor SU(3) l 'X'U(l)x is extended from those of the standard model whereas the strong 
interaction sector is retained. Each lepton family including a new electrically- and leptonically- 
neutral chiral fermion (Nr) is arranged under the SU(3)l symmetry as a triplet (i'iJl, N^) and 
a singlet Ir. The residual electric charge operator Q is related to the generators of the gauge 
symmetry by Q = T3 — -^T^ + X, where Tq (a = 1, 2, 8) are SU(3)l charges with TrTaT;, = ^Sab 
and X is the charge of U(l)x- This means that the model considered does not contain exotic 
electric charges in the fundamental fermion, scalar and adjoint gauge-boson representations. 

The lepton number is also a residual charge and not commuting with the gauge symmetry 
unlike the standard model. It is better to work with a new conserved charge C commuting with 
the gauge s ymmetry and related to the ordinary lepton number by diagonal matrices L = -^T^ + C 



Id, 
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2l|. This is only convenient for accounting the global lepton numbers of model particles 
since Tg is a gauged charge, consequently L is gauged which contrasts with outset. The Tg can be 
understood as the charge of a group replication of SU(3)l but globally taken. The lepton charge 
arranged in this way (i.e. L(iV/j) = as assumed) will prevent unwanted interactions (due to \J{l)c 
symmetry) and symmetry-breakings (due to the lepton parity as shown below) providing consistent 
lepton and quark spectra with distinguish phenomena from those in the 3-3-1 model with right- 
handed neutrinos as presented in Sec. IIVI By this embedding, the model also does not contain 
exotic leptonic charges in the fundamental fermion, scalar and adjoint gauge-boson representations, 
e.g. exotic quarks U, D as well as new non-Hermitian gauge bosons possess lepton charges 

as of the ordinary leptons: L{D) = -L{U) = L{X^) = L{Y-) = 1. 

A brief of the theory of 5*3 group is given in AppendixjAj The 5*3 contains one doublet irreducible 
representation 2 and two singlets 1, l'. As motivated by assigning the flavor 2 and 3 contents in 
which the 3 in this case is defining representation decomposed as 3 = 2 © we should therefore 
put all the model fermions in 1^ and 2. To be concrete, we put the first family fermions in 1^, while 
the two other families are in 2. Under the [SU(3)l, U(l)x, U(l)£, ^3] symmetries as proposed the 
fermions correspondingly transform as follows 

V'lL = {^iL, liL: iVffl)''- [3,-1/3,2/3,1], [1,-1,1,1], 
V'aL = {vaL, Ll, Knf ^ [3, -1/3,2/3,2], [1,-1,1,2], 



5 



QiL = (niL, diL, C/if- [3,1/3,-1/3,1], 

niij - [1,2/3,0,1], [1,-1/3,0,1], [1,2/3,-1,1], (3) 

QaL = {daL, -UaL, I^ql)^ ~ [3* , 0, 1/3, 2] , 

Uaii ~ [1,2/3,0,2], [1,-1/3,0,2], L>«s~ [1,-1/3,1,2]. 

where a = 2, 3 is a family index of the last two lepton and quark families, which are in order defined 
as the components of the 2 representations. Note that the 2 for quarks meets the requirement of 
anomaly cancelation where the last two left-quark families are in 3* while the first one as well as 
the leptons are in 3. All the £, charges of the model multiplets are listed in the square brackets. 

In the following, we consider possibilities for generating the fermion masses. The scalar multi- 
plets needed for this purpose would be introduced accordingly. 



B. Charged-lepton mass 

To generate masses for the charged leptons, we need two scalar multiplets: 



-[3,2/3,-1/3,1], <j>' = 



J 



[3,2/3,-1/3,1'] 



(4) 



with VEVs {(/)) = (0,w,0)^ and (0') = (0, f',0)"^. Notice that the numbered subscripts are the 
indices of SU(3)i. The VEV of (p conserves 5*3 while that of (/)' breaks this symmetry. Here the three 
elements of 5*3 corresponding to interchanges of two within three objects are broken. Therefore the 
^3 breaking in the charged lepton sector is 5*3 which consists of the identity element and the 

two total permutations. 

The Yukawa interactions are 



Ci = hilpiLCpllR + h{lp2Ll2R + 1p3LkR)(i> + h' {i^sLhR - 1p2Ll2R)'p' + h.C. 



The mass Lagrangian reads 



_^mass ^ ^ J2^^ hL)Mi{hR, l^R, IsRf + h.C. 



where 



Mi = 



hiv 
hv- h'v' 
hv + h'v' 



^ me ^ 







(5) 



(6) 
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which has the diagonal form. The diagonahzation matrices are therefore Un = Uiji = 1. This 
means that the charged leptons /i.2,3 by themselves are the physical mass eigenstates. The lepton 
mixing matrix depends on only that of the neutrinos that will be studied in the next section. The 
masses of muon and tau are explicitly separated by (p' resulting from the breaking 5*3 —)• Z3. This 
is why we introduce (p' in accompanying with (p. 

The experimental mass values for the charged leptons at the weak scale are given as 

nie = 0.511 MeV, = 106.0 MeV, = 1.77 GeV (7) 

Thus, we get 

hiv = 0.511 MeV, hv = 938 MeV, h'v' = 832 MeV (8) 

It follows that hi <ti h ^ h' , provided v' ^ v. We particularly notice that the — t mass splitting 
term due to the S2, — )• -^3 breaking is necessarily large like that of the 5*3 conserving, which are all 
given in the scale of one haft tau mass. 



C. Quark mass 

To generate the quark masses, we additionally introduce the following scalar multiplets: 

. T 



X 



(x?, X2> xt) ~ [3,-1/3,2/3,1] 



V = {Vi, ryO)"^- [3,-1/3,-1/3,1], (9) 
V' = {v?, r^'if ^[3,-1/3,-1/3,1']. 

It is noticed that these scalars do not couple to the lepton sector due to the gauge invariance. The 
Yukawa interactions are then 

- A = flQlLXUR + fQLX*DR 

+KQ1LVUIR + h''QL7]*dR + h"'QL7]'*dR 
+ hfQlMR + h}'QL4>*UR + h"'QL(t>'*UR 

+h.c. (10) 
We now introduce a residual symmetry of lepton number Pi = ( — 1)^, called "lepton parity" 



Id, 



22I ]. in order to suppress the mixing between ordinary quarks and exotic quarks. For a summary 



of lepton number of the model particles, see Appendix lAl The particles with even parity {Pi = 1) 
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have L = 0, ±2 such as Nn, ordinary quarks and gauge bosons, the new neutral gauge boson Z' , 
01,2, 'P'i2-> ^i,2i Vi2' XSi and so on. The odd parity particles {Pi = —1) possess L = ±1 such as 
ordinary leptons, U, D, the new non-Hermitian X and Y, cj)^, cj)'^, r]^, r/g, Xi,2; and so forth. In 
this framework we assume that the lepton parity is an exact symmetry, not spontaneously broken. 
This means that r/3, r/g and xi cannot develop VEV, and the concerning phenomena will be skip. 
However, a brief discussion of broken lepton parity for the quark sector is given at the end. For the 
neutrino sector we always suppose, however, that the lepton parity is broken so that the neutrino 
mass matrix taken into account is the most general. Otherwise, the corresponding VEVs that 
carry odd parity will vanish. The general conclusions obtained for the lepton sector are unchanged 
because the lepton parity commutes with S3. 

Suppose that the VEVs of r/, rj' and x are n, u' and w, where u = {tJi), u' = {rj'i), w = (xs) 
(the other VEVs {rj^), {rjf), and (x?) vanish due to the lepton parity conservation). The exotic 
quarks therefore get masses mij = fiw and niOi-z — f^- addition, w has to be much larger than 
those of (f), (j)' , r] and r]' for a consistency with the effective theory. The mass matrices for ordinary 
up-quarks and down-quarks are, respectively, obtained as follows: 









+ 

h^'v- h'^'v' 



\ 



( hfv 



V 



h'^u + h"^u' 
/i'^ 









u 



ruu 
mc 
\ mt J 

^ md ^ 



(11) 




\ mb J 

In similarity to the charged lepton sector, the masses of c— t and s — b quarks are (in pair) separated 
by the scalars (p' and rj' due to the S3 — )■ Z3 symmetry breaking, respectively. We see that the 
introduction of r]' is necessary to provide the different masses of s and b quarks. The current mass 
values for the quarks are given by |l] 



m„ = (1.5^3.3) MeV, = (3.5 ^ 6.0) MeV, = (1.16 ^ 1.34) GeV, 

rus = (70.0 ^ 130.0) MeV, rrit = (169.0 ^ 173.3) GeV, = (4.13 ^ 4.37) GeV. (12) 



Therefore we have 



/i> = (1.5 ^ 3.3) MeV, hfv = (3.5 ^ 6.0) MeV , = (85.08 ^ 87.32) GeV, 



(2.10 ^ 2.25) GeV, h'^'v' = -(83.83 ^ 86.07) GeV , h"^u = -(2.00 ^ 2.15) GeV. (13) 
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If n ~ t> ~ li' ~ u', the Yukawa coupling hierarchies are h^, hf <^ h'^, \h"^\ <^ h^, \h''^\. It is to be 
noted that the 5*3 breaking terms in this case are also large in comparison to the conserving ones. 

The unitary matrices which couple the left-handed quarks u^^ and to those in the mass bases 
are UuL = 1 and U^l = 1; respectively. The CKM quark mixing matrix at the tree level is then 



C^CKM = U\jJJuL = 1- 



(14) 



This is a good approximation for the realistic quark mixing matrix, which implies that the mixings 
among the quarks are dynamically small. The small permutations such as a breaking of the lepton 
parity due to the odd VEVs (r?§), {'qf), (x?), or a violation of C and/nor 5*3 symmetry due to 
unnormal Yukawa interactions, namely QilX'^iRi QLX*dR, QilX^r and so forth, will disturb the 



tree level matrix resulting in mixing 



desirable quark mixing pattern 



Id, 



between ordinary and exotic quarks and possibly providing the 
111 . This also leads to the flavor changing neutral current at 



the tree level but strongly suppressed 
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ll| . See also Section IIVI for a similar matter encountered 



in the 3-3-1 model with right-handed neutrinos. A detailed study on these matters are out of the 
scope of this work and should be skep. 

III. NEUTRINO MASSES AND MIXING 



The neutrino masses arise from the couplings of ipltpL to scalars, where ijjIipL transforms as 3*©6 
under SU(3)_l. Notice that in the first term of decomposition the "01,2,3 are totally antisymmetric 
in flavor indices, while they are symmetric in the second term. For the known scalar triplets, 
only available interactions are ('02lV'3L — '03l'02L )</*') but explicitly suppressed because of the C- 
symmetry. We will therefore propose a new SU(3)l antisextet instead coupling to 'tpl'tpL responsible 
for the neutrino masses. The antisextet transforms as 



'11 



*12 '^13 



\ 



'12 ''22 



'23 



[6*, 2/3, -4/3, 2], 



(15) 



\ ■5l3 '^23 '^33 / 



where the numbered subscripts on the component scalars are the SU(3)l indices, whereas i = 1,2 
is that of 5*3. Note that i and a as mentioned belong to the same index kind. The VEV of s is set 
as ((si), (52)) under S3, in which 



Xi Vi 

\Vi Ai y 



(16) 
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Following the potential minimization conditions, we have several VEV aligments. The first one 
is that (si) = (52) then Ss is broken into Z2 consisting of the identity element and one interchange 
(within the three) of S3. The second one is that (si) 7^ = (^2) or (si) = 7^ (S2) then ^3 is 
broken into Z3 like the case of the charged lepton sector. To obtain a realistic neutrino spectrum, in 

this work we argue that both the breakings ^3 — t- Z2 and ^3 — )■ Z3 must be taken place. However, 
the VEVs of s does only one of these tasks. We therefore assume that its VEVs are aligned as the 
former to derive the first direction of the breakings Z2, and this happens in any case below: 



Ai = A2 = As, 



Vl 



V2 = Vs, 



Ai = A2 = As. 



(17) 



To achieve the second direction of the breakings S3 Z3, we additionally introduce another 
scalar which lies in either 1' or 2 (with the second alignment of VEVs as mentioned above). 
However, this scalar is also equivalent to break the Z2 subgroup of the first direction. We can 
therefore understand the misalignment of the VEVs as follows. The S3 is broken via two stages, 
the first stage is S3 Z2 and the second stage is Z2 {identity} (instead of S3 Z3). The 
second stage (or direction) can be achieved within each case below. 

1. A new SU(3)l triplet p (if the >C-symmetry is allowed), which is impossible in 2 since 
(V'lV'l)2 = (V'3l'03-L) V'2L'^2l)=0 due to antisymmetric in ■02 and ^3, is thus put in the V: 



P2 



[3,2/3,-4/3,1'], 



(18) 



VPs ) 

with the VEVs given by {p) = (0, Vp, 0)^. 

2. Another antisextet s', which is impossible in V since (V'£V'l)i' = V'2lV'3-L — V'sl^sl = due 
to symmetric in ^-^2 and ^3, is thus left with the 2 with VEVs chosen by 



'11 



*12 



„/0 
*13 



0'+ J++ J+ 
'12 *22 



to 



\ Sis 



'23 



'23 

^33 / 



/ a; ^ 



[6*,2/3, -4/3,2], {s\) 




v' Ai 



(4) = 0. (19) 



In calculation, combining both cases we have the Yukawa interactions: 

-C^ = ^x{'lp^Ll/;2LSl + 1p3Llp3LS2) + ^#?l(V'2LS2 + IpSLSl) 

+ {lp^Llp2Ls[ + V'slV'SL^) + ^y''^lL{'^2LS2 + 1p3Ls[) 

+h.c., 



(20) 
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where the couphngs y, y' and z are of lepton flavor changing interactions. The mass Lagrangian 
for the neutrinos is given by 

- ^T"" = \x{>^siy2L^2L + Vsi>2LN2R + VsN2RV2L + AsN2rN^r) 

+ \y{Kl^lL^2L + VsVlL^m + VsNlRV2L + AsNirN^j^) 

+\v{\^'iL^^L + VsuIlN^r + VsNiRV^L + AsNirNI^) 

+ \x\K^2L^2L + v',V^2lN2R + v'sN2Rl^2L + A'.iVsijiVlil) 

+ly'{Ki>iLi^sL + v'Ar^NlR + v[N,RU3L + KN^rN'^j,) 

+^zvp{-i?^LN^R + N2RU3L + i^h^m - ^3R'^2l) 

+h.c. (21) 



We can rewrite 



-C"' = :^xiM,XL + /i.c., XL = 



f 


.A 


^ Ml 


me' 








V 


Nil) 




Mr ^ 



where vl = {i^il,i^2L,i^3l)^ , Nr = {Nir, N2R, Nm)^ and 

/ 

Ml,r,d = 



biL,R,D b2L,R,D 
blL,R,D CiL,R,D dL,R,D 
y b2L,R,D —dL,R,D C2L,R,D J 



(22) 



(23) 



where 



, A^y VsV , Agy 

Oil = oiD = —, oiR = 



b2L 



, b2D 



{vsy + v'^y') 



b2R 



{Asy + A'J^ 



2 > — 2 ' ^ 2 ' 

ClL = {Kx + AjX'), CiD = {VsX + v'gX'), CiR = {AgX + A'gX'), 
C2L = AsX, C2D = VsX, C2R = AgX, 

dh = dR = 0, do = zvp = d. 
The remarks are in order 

• The VEVs with even lepton-parity are: As, A'^, and A'^; 



The VEVs with odd lepton-parity are: Vg, v'g and Vp. 
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If the lepton parity is conserved we have Mq = since Vg 



0. There is no mixing 



between the left-handed neutrinos and the neutral fermions. The observed neutrinos are just 



y small as given in eV 



231 ] (called type II seesaw 



with masses given by Mi^ consisting of and A'^, VEVs which are natural 
order in similarity to the case of the standard model with scalar triplets 
mechanism [2j]). However, this situation as we see below cannot fit the data provided that the 
contribution of s' small perturbation. 

In general with the combined cases and lepton parity breaking, three observed neutrinos gain 
masses via a cooperation of type I and type II seesaw mechanisms derived from ()22p as 

( A Bi 

Bi Cl V 

^B2 V C2 J 

where 



Meff = Ml- MIM^^Mo 



- {biRb2D - biDhnf I (blj^ciR + hl^C2iij , 

blLClRblji + biLC2Rb{^ + biRb2Rb2DClD - blDClDb^R - biDb2DClRb2R 
-blRC2Rb\j;) + dblR{blRb2D - &2/?&1d) / (blj^ClR + b\j^C2Rj , 
b2LClRb2R + b2LC2Rb\R + blRb2RblDC2D — ft2DC2D^l_R — biDb2DC2RblR 

-b2RClRbljy + db2R{biRb2D - b2RblD) I {b\RC\R + b\j^C2R) , 

2 2 2 2 2 

biDClRC2R + b2RClLClR + bi^CiLC2R - 2biDCiDblRC2R - C^^ifeaiJ 

-2db2R{biRCiD - biDCm) - d^b\^ / {blp,ciR + b\p,C2R) , 



blD<^lRC2R + bl^C2LC2R + bljiCiRC2L " 2b2DC2Db2RClR - clj^b\j^ 



(24) 



A 
Bi 

B2 

Cl 

C2 ^ 

-2dbiR{b2DC2R - b2RC2D) " d^bl^ I {b\^CiR + 6?hC2h) , 

^ = [{blDClR - biRCiD){b2DC2R - b2RC2D) + d{b2Db2RClR - biDblRC2R 

+blRC2D - blnCiD) - d^biRb2R) / {bl^ciR + bljiC2R^ ■ (25) 
The comments are in order: 

• If the subgroup Z2 is unbroken, we have A = V = Bi = B2 and Ci = C2; 

• If the Z2 is broken by only the case 1, we have ^ = 0, i?i = B2, Ci = C2, but T> ^ 0; 

• If the Z2 is broken by both the cases, but the case 2 is regarded as a small perturbation, we 
have Af^O, Bi^ B2, Ci « C2, and V ^ 0. 
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In addition, it is able to introduce one more antisextet in 1 which does not break the subgroup 
and impHes A 7^ for contribution to our results above, but this does not change our conclusions 
below and should be skip without loss of generality. 

We next divide our considerations into two cases to fit the data: the first case is only case 1 
above, and the second case is a combination of the both. 



A. Experimental constraints under case 1 only 



In the case 1, = = A'^ = 0, we have A = 0, B\ = B2 

( B B^ 

Meff = 



BCD 
B D C 



B, Ci = C2 = C, V = D^O, and 



(26) 



where 



B 



A. 



^\ y 

A. J 2 ' 



c 



D 



A, 2x' 



(27) 



This mass matrix takes the form similar to that of the unbroken Z2 (with Vp = 0). However, the 
breaking of Z2 {vp ^ 0, thus D ^ 0) in this case is necessary to fit the data (see below). Indeed, 
we can diagonalize U'^MesU = diag(mi, m2, ma) where 



mi 

m2 
ms 



-(C + D-^8B^ + iC + D)^], 



-i^C + D + ^8B^ + iC + D)^], 
C-D, 



(28) 



and the corresponding eigenstates put in the lepton mixing matrix: 



U 



-m2/Jml + 2B^ -mi/ Jmj + 2B'^ ^ 



S/^m2 + 252 B/^ml + 2B^ 



\^ B/^ml + 2B'^ B/sJml + 2B^ ) 



(29) 



Note that mim2 = —2B^. This matrix can be parameterized in three Euler's angles, which implies: 
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0, 6l23 = vr/4, tan 012 



mi 
m2 ' 



(30) 



This case coincides with the data since (h^ < 7r/13 and 023 — '/r/4 [V\ and close to the proposal 



of the tribimaximal neutrino-mixing form 







12]. For the remaining constraints, taking the central 
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values from the data [l] as displayed in ([I]), - 0-435 (i.e. sj^ = 0.304), Am|i = 7.65 x IQ-^ eV^ 
and |Am|i| = 2.4 x 10"^ eV^, we have a solution mi = -0.42 x 10~^ eV, m2 = 0.97 x 10"^ eV 
and ms = 4.9 x 10"^ gy (normal ordering). It follows B ~ 0.451 x IQ-^ gV, C ~ 2.725 x 10^^ 
and D ~ —2.175 x 10^^ eV (as expected). Now, it is natural to choose A^, v^/As and v^/Ag in eV 
order. From (I27p . we can find the three parameters x, y and z, with the provided B, C and D, 
respectively. It is noteworthy that in this case the contribution of the Z2 (or 6*3 — ?• Z3) breaking 
parameter (~ v^/ As) transforming under V to the neutrino masses is comparable to that of the 
5*3 —7- Z2 one (~ As, v1/ As). This makes the model viable and in some sense quite similar to those 
of the quark and charged-lepton sectors. 

The recent considerations have implied ^13 7^ [l^,[3], but small as given in If it is correct, 
this case will fail. But, a combination of the case 1 with the case 2 above improves this. 



B. Experimental constraints under combination of case 1 and case 2 



In a scenario where both the case 1 and case 2 are taken place, the neutrino mass matrix ([2 
can be rewritten in the form: 

/ 



B B 
BCD 
B D C 



+ 



(31) 



Pi qi r 
\P2 r q2 J 

where B, C and D are given by (j27p accommodated in the first term or matrix due to the contribu- 
tion of the scalar antisextet s and triplet p only as in the case 1 ()26p . The last matrix is a deviation 
from the contribution of the case 1 due to the scalar antisextet s', namely e = A, pi 2 = B12 — B, 
qi^2 = Ci^2 — C and r = V — D, with the A, i?i,2, Ci^2 and V being defined in (j25]) . Indeed, if the 
case 2 or the s' contribution is forbidden, the deviations e, p, q, r will vanish (to be concrete, see 
below), therefore the mass matrix M^s ()3ip reduces to its first term coinciding with the case 1. 
The first term as shown can approximately fit the new data [18] with a "small" deviation for ^13. 
The second term proportional to e, p, q, r due to contribution of the antisextet s' will take the role 
for such a deviation of ^13. So, in this case we consider the s' contribution as a small perturbation 
and terminating the theory at the first order. 

Provided that (s') ^ (s) or A'^/A^ ~ v's/vs ~ A'^/A^ ^ 1, one can evaluate 



8xA,, 



A. 



< 1, 



(32) 
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which hes at the second order of the perturbation, thus ignored. The remaining parameters 
Pi, 2) 11,2, f are easily obtained as foUows 



1 



Pi 



P2 



IGxAs 
1 



Ks\s{x'y + 2xy') 



+ VsVpV z 



. . , I Vgx'ix — 3y) , 
AsXs[x y + 2xy ) h VgVpy z 



+ ^ + 3 - 

As 3 Vs ^ 

^ + A,A.x(x' + y')^ 



3 fs J 



91 



8xAo 



2 

vtx 



(x'y - 2xy') + ^^'^^^ (x'y + 2xy') + 2?;st;„x'2; 

y y 



A' X' 

" +A,X,x'{x + x) ' 



A 



A,, 



2VsX' [Vs(x + Z) + VpZ] — 



q2 



8A, 



{xy + 2xy Vsy , . 

AsXs \ {^VpZ - VsX) 

y y 



2v^y^ 

xy 



K Vsy , Vs 

— H [vsX - 4:ZVp) — 

As y ' Vs 



1 VpZ 



( A' v' ] 

I [A, {x'y - xy') - Vpy'z] ^ + (xy' - x'y) | 



(33) 



8xAs y 

which ah start from the first order of the perturbation. It is noteworthy that the presence of p is 
important since by contrast the r will start from the second order and ignored as e. The resulting 
mass matrix cannot fit the new data. 

The explicit form of the mass matrix (j3ip is thus given by 

f B 



eff 



BCD 
B D C 



A. Vs As 



(34) 



My = — 



1 

8x 



Xsx{x'+y') \ 
2 



where the last three terms are the perturbative contributions at the first order with 

^ 

Xsx'{x + x') 

Xsx'{x + x') J 

livsx'y + Svpy'z) ly'{3vpZ - Vsx) ^ 

V 



Xsx(x'+y') 
2 



I 



8xA, 



\{vsx'y ^?>Vpy' z) 2x' {v s{x ^ z) + v pz\ ^{xy' - x'y) 
\ ly'iSvpZ -Vsx) ^{xy'-x'y) ^{vgX - Azvp) J 





Ma 



8xA. 



A,A,(:E'y + 2xy') - hM|±M + y^y^y'. 



\ -2 [ 



AsXsix'y + 2xy') - iMpM + y^^^y'. 



15 



i [AsXsix'y + 2xy') - lMi|±M + ^^^^y', 
^{x'y - 2xy') + ^{x'y + 2xy') + 2vsV px'z 
^ [As(x'y - xy') - Vpy'z] 



KsUx'y + 2xy') - iMpM + ^^^^y', 
^ [K{x'y - xy') - Vpy'z] 



(35) 



y y ^ ' ' 

which ah are m the same order with the dominant contributions B, C, D proportional to the mass 
scale of observed neutrinos As, v^/As, v^/As, VsVp/Ag. 

The physical neutrino masses at the first order are obtained as 



= "1-1,2 + 



1 



^1 A', 



Ai 



ma + 



1 



8j;?/As 



A' X' -)/ 

A, A., v. 



(36) 



where 



K 



K 



Kl 



-SVpy'z'^ + Vgx{x'y — 3xy') + 2vpXsz{x'y — xy') + 2vsVpz{x'y + 2xy') 



+2\sAsx{x' y + 2xy') 



2m2 



As\sy{x'y + 2xy') 



VgX'y{4x — y) 
6 



+ VsVpyy z] 



AsXsy 



X [X + X ) f^X[X + X ) 

B 



Vs[-2vsx'y{x + z)+ Vpz{-3yx' + xy')] - -rr-^i'^si^'y - xy') + Qvpy'z], 

JD O 



Vpy'z'^ v'lx{x'y - 3xy') 
2 ^ 2 
+XsAsx{x'y + 2xy'), 



+ Vp\sz{-x'y + xy') + VsVpz{x'y + 2x7/') 



AsXsx'y{x + x'), = -Vs[2vsx'y{x + z) + Vpz{x'y + xy')], 



(37) 



with K2 (a = 1,2,3) similarly given as Kf but m2 is replaced by mi. The mi^2,3 are the mass 
values as of the case 1 given by ([28]) . For the corresponding perturbed eigenstates, we put 



U 



U' = U + AU, 



where U is defined by ()29|) as of the case 1 and 
/ '"I p. 



AU = 



^m2+2B2 m2 



V 



^fT2B^^2 \ 

y ■ . i 

Jl _ ^ ^ i?„ £ 

^m2+2B2 2 ^m2+2B2 ^ y^^^ 

_ B TP , Fs B 

2 



^m2+2B2 
T-^2 / „ „o -^3 



V i V :^ 

ym2+2B2 ^ 2 ^m2+2B2 ^ ^ 2 



^m2+2B2 2 y„2_^2B2 3 y 



(38) 



(39) 
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with 



Fl 
F2 

F3 



(mi + 777-2) (pi +P2) - B{qi + q2 + 2r) 

\/2(mi — 771-2)^ 
"1-2(^2 -Pi) + B{qi - 52) 



(mi — 171^)^1712 "I" 2-^^ 
"ii(P2 -Pi) + B{qi - 52) 



(40) 



(m2 — m3)y m| + 25^ 

The lepton mixing matrix in this case U' can still be parameterized in three new Euler's angles 
O'^j, which are also a perturbation from the 6ij in the case 1, defined by 



^13 



.12 
'^12 



.12 
''23 



1 



1 + q2 



(aFa - F2] 
2 



a(l Fl 



V2 



1 + a- 



:(aF2 -F3) 



is just the ti2 of the case 1. 



where a - 

It is easily shown that our model is consistent since the five experimental constraints on the 

mixing angles and squared mass differences of neutrinos can be respectively fitted with the five 

Yukawa coupling parameters x, y, x', y', z of the s, s' antisextets and p triplet scalars, provided 

that the VEVs are previously given. Indeed, let us first assume = v^/A^ = VsVp/Kg = w^/A^ = 

1 eV and A^/A^ = v'^/vg = A^/A^ = 0.1 which are safely small. Taking the new data ([2]): s'13 = 

0.013, s'll = 0.312, s% = 0.52 as well as Amfi = 7.59 x 10^^ eV^ and jAmfil = 2.5 x lO^^ eV^ 

1-4 



we obtain x ~ 0.049, y ~ 0.00895, x' ~ 0.00149, y' ~ 9.02 x 10""^ and z ~ 0.0461. The neutrino 
masses are explicitly given as m'l = —0.41 x 10"^ eV, m2 = 0.97 x 10^^ eV and m3 = 4.9 x 10^^ eV 
which are in a normal ordering. 



C. Remark on breaking, VEVs and rho parameter 

Both the fitting cases mentioned above require P 7^ 0. Hence, to have a consistent neutrino 
spectrum we conclude that the lepton parity must be broken because by contrast T) vanishes. Also, 
both the directions 53 — )• Z2 and 5*3 — > Z3 must be taken place. 

We remark that for both the fitting cases the seesaw scale A^ is not needed to be so large that can 
naturally be taken at TeV scale as the YEV uj of x- This is because Vg and Vp carry lepton number. 
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simultaneously breaking the 



the electroweak scale 



Id, 



11 



epton parity which are naturally constrained to be much smaller than 



25(. This is also behind a theoretical fact that uj^ Kg are scales for the 
gauge symmetry breaking in a stage from SU(3)l ® \}{l)x — ^ SU(2)i U(l)y. They will provide 
masses for the new gauge bosons such as Z' , X and Y . Also, the exotic quarks gain masses from u 
while the neutral fermions are from Ag. The second stage of the gauge symmetry breaking is from 
SU(2)l (g) U(l)y — )• U(1)q achieved by the electroweak scale VEVs such as u,u',v,v' responsible 
for ordinary particle masses. In combination with those of type II seesaw as determined, the 
hierarchies in VEVs are summarized as 

eV ~ As < Vs, Vp < V, v' , u, u < A^, co ~ TeV. (41) 

Here the VEVs of s' as the role of perturbation, X'g/Xs ~ v'^/vs ~ A'^/A^ <^ 1, are not mentioned. 

Our model contains a lot of SU(2)i scalar doublets and triplets that may modify the precision 
electroweak data. The most serious one can result from the tree-level contributions to the p 
parameter. To see this let us approximate W mass and p: 

rr? - i-,? n - ~ 1 _ ^ (A0\ 

mw - ^v^, P- „2 ^2 - ^ ,,2 ' '^^^> 

where v^j ~ {v? + u''^ + v'^ + v''^) = (174 GeV)^ is naturally given due to ([iT]) and (x?) ^ u, u' , v, v' 
by the same reason as Vp, Vg- Because is in eV scale responsible for the observed neutrino masses, 
the p is absolutely close to one and in agreement with the data [l|. 



IV. 53 SYMMETRY IN THE 3-3-1 MODEL WITH RIGHT-HANDED NEUTRINOS {vr) 

The fermion content of this model can be given as 

V'lL = {^IL, llL, [3,-1/3,1/3,1], [1,-1,1,1], 

V'aL = {^aL, Ll, Z^^ij)^ ~ [3, - 1/3, 1/3, 2] , /^R ~ [1, -1 , 1, 2] , 

QiL = {uiL, diL, C/Lf~ [3,1/3,-2/3,1], 

~ [1,2/3,0,1], diij- [1,-1/3,0,1], Ur^ [1,2/3,-2,1], (43) 

QaL = {daL, -UaL, -D^L )^ ~ [3* , 0, 2/3, 2] , 

~ [1,2/3,0,2], [1,-1/3,0,2], L>„ij~ [1,-1/3,2,2]. 

Here the difference from the previous model is that L{ur) = 1. Hence the exotic quarks and new 
non-Hermitian gauge bosons are bilepton: L[D) = —L{U) = L{X^) = L{Y~) = 2. And, the 
leptonic operator is given by L = -^Tg + C with C listed in the square brackets. 
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The scalar sector in this model is similar to, but simpler than the previous model since the p 
triplet is not necessary to be introduced. This is due to the fact that the interaction {ip2L'^ZL — 
V'3lV'2l)</'' is allowed (since C is conserved), thus the (j)' triplet can play the role instead of p as in 
the case 1 above. Notice that the C charges of all the scalars in this model are changed while the 
other charges are remained: 

</) ~ [3,2/3,-2/3,1], [3,2/3,-2/3,1'] 

77 ~ [3,-1/3,-2/3,1], 7/ ~ [3,-1/3,-2/3,1'], x ~ [3, -1/3, 4/3, 1], 

s ~ [6* , 2/3, -2/3, 2] , s' ~ [6* , 2/3, -2/3, 2] . (44) 

The charged-lepton and quark masses are similar to the pervious model. However, the lepton 
parity in this case does not work. Exactly, it cannot suppress the mixing between ordinary quarks 
and exotic quarks since the odd fields as mentioned in the previous model are now even —L{rj^) = 
—L{r]'^) = L{xi) = 2 which can develop VEVs. The lepton numbers of particles in this model 
are listed in App. [Bl This mixing can only be prevented if we suppose that the L charge is not 
spontaneously broken. However, this discards the seesaw mechanism since = = = = 0. 
The neutrinos have only Dirac masses via the VEVs v' of (f)', Vs and v'^ which are not natural in 
the same simple extension of the standard model with Dirac neutrino masses [26]. 



Let us recall that it is different from the previous model since in that case we have no mixing 
between the two kinds of quarks due to the lepton parity while L is still broken responsible for the 
neutrino masses via the type I seesaw mechanism where Vp = Vs = v'g = 0. However, as mentioned 
it is not realistic under the data when the s' contribution is regarded as a small perturbation. In 
contradiction, if the s' contribution becomes comparable, the situation will change (which has not 
been considered in the present work). 

All the issues above can be resolved by imposing a spontaneous symmetry breaking of L. This 



breaking can be explicitly derived via a L-violating scalar potential. It also proves that the \. 
A<j, Vg/Ag, Vsv'/As, w'^ /As responsible for the observed neutrino masses are naturally small 10|, 



;vs 



iii. 



The results on the neutrino masses and mixings are given in similarity to the previous model with 
the replacement of Vp by v' . The mixing between the exotic quarks and ordinary quarks at the 
tree level happens but small for the same reason. The flavor changing neutral current starts from 
the tree level but strongly suppressed 



10 



ll[. However, the difference from the previous model is 
that since the v' and Vs belong to the electroweak scale the seesaw scale A^ is not needed to be in 
TeV order. In principle it can flip up to a very high scale such as the GUT one. 
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V. CONCLUSIONS 

We have argued that the 3-3-1 models may accommodate the seesaw mechanisms naturally. In 
fact, the right-handed neutrinos or neutral fermions can exist as basic objects needed to complete 
multiplets extended from those of the standard model. We have shown that the TeV seesaw 
mechanism can be naturally obtained in the 3-3-1 model with neutral fermions. Whereas, in the 
3-3-1 model with right-handed neutrinos the mechanism can work up to a very high scale such as 
the GUT's. In our framework, a combination of type I and II seesaws is always in the cooperation. 

We have also argued that due to anomaly cancelation the 3-3-1 models may naturally permit 
of flavor symmetries such as ^4 and S3 which has been taken into account since they possess 2 
representations responsible for the 3-3-1 quark sector and /i — r symmetry as known. In addition, 
the 3-3-1 models can work only with three families as the flavor symmetries do. In the standard 
model, the families are in replication, thus naturally to put all in 3 which is 1 ® 2 under 5*3. By 
this indication, we have put the first family in 1 and the last two in 2 to realize successful mass 
spectra and mixings for leptons and quarks. 

We have introduced a new charge U(l)£ responsible for lepton number and lepton parity. The 
two 3-3-1 models as given are already in difference due to £-charge embedding. In the 3-3-1 
model with neutral fermions, the Njis have vanishing lepton number and the lepton parity being 
in operation to realize the TeV seesaw mechanism in similarity to the scenario previously proposed 



25l |. In the 3-3-1 model with right-handed neutrinos, the lepton parity cannot work which realizes 
the popular seesaw mechanism. The scalar sector for the two models is also in difference. We have 
briefly discussed that if \J{l)c is violated via the scalar potential as given in Apps. O the seesaw 
contributions are generated to be naturally small, responsible for the observed neutrino masses. 
By this reason the tree level exotic and ordinary quark mixing and flavor changing neutral current 
are also strongly suppressed. All those are in similarity to lU. Illl. l23l. |25|. 

We have shown that the realistic neutrino mixing can be obtained if the two directions for 
breaking ^3 — )• Z2 and ^3 — )■ Z3 (or 5*3 — )• Z2 — )• {Indentity}) simultaneously take place and 
equivalent in size, i.e. the contributions due to p (or (j)') and s are comparable. If the s' which is 
also responsible for Z2 — )• {Indentity} breaking is not introduced, the models can fit the old data 
with ^13 = 0. Otherwise, if it is presented as a small perturbation in contributing to the mass 
spectrum the new data under the light of the new observations can be naturally recognized. 
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Appendix A: ^3 group and Clebsch-Gordan coefficients 

53 is the permutation group of three objects, having six elements divided into three conjugacy 
classes [3]. We denote 1, 1', and 2 as its three irreducible representations, and n, h as the order 
of class and the order of elements within each class, respectively. The character table is given by 



Class 


n 


h 


Xi 


Xi' 


X2 


Ci 


1 


1 


1 


1 


2 


C2 


2 


3 


1 


1 


-1 


C3 


3 


2 


1 


-1 






We will work in a basis in which the representation 2 is complex (See, for example, Ma in jl9t|). 
The decomposition rules can be obtained as 

10 1 = 1(11), 1'®1' = 1(11), I0l' = i'(ll), 
102 = 2(11,12), 1'0 2 = 2(11,-12), 
202 = l(12 + 21)el'(12-21)e2(22,ll), 

where for the terms in parentheses the first and second factor indicate to the multiplet components 
of the first and second representations, respectively. The conjugation rules are given by 

2*(i*,2*) = 2(2*,i*), i*(i*) = 1(1*), r*(i*) = r(i*). 

Appendix B: Lepton number 

For convenience, we also list the lepton number (L) of particles for the two models as mentioned. 
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1. The 3-3-1 model with neutral fermions 



Particle 


L 


u, d, Nr, W, Z, <l>i, 4, 0'+, <j>'l 4, rj^, 77^-, xl si, sg 





ul, I*, U, D*, X^*, Y+, 4>t, 4>'t, Til r^'l xT, xt, s+, s[%, s'+, pf, pi 


-1 


.0 + ++ /O /+ /++ + 
•^11- •^12- •''22 ■ ■^12- •"'22 ■ f'y> 


-2 



2. The 3-3-1 model with right-handed neutrinos 



Particle 


L 




1 


u, d, W, Z, <f>+, ^l cf>'+, cl>'l nl n^, ri'f, xl s%, s[%, s'+ 





TJ p)* vO* Y+ ±+ jJ+ 10 0* + 0* /O* + ++ /o /+ /++ 
U , u , ^ , I , </^3 , St's , '/3, '/3 , Al , A2 ' ''SS' ''SS ' ''ll' ''12; •'22 > •'11' ''12' ''22 


-2 



Appendix C: Scalar potential 

To be complete, we write the scalar potentials of both the models mentioned. It is also noted 
that {TiA){TiB) = Tr(^TrS) and V{X^ X\ Y\ ■ ■ ■) = V{X, Y, ■ ■ ■\x=x' ,y=Y' 

1. The 3-3-1 model with neutral fermions 

The general potential invariant under any group takes the form: 



^otal — ^ri + ^ext + Hri— sext, 

(CI) 

where \4ri comes from only contributions of SU(3)l triplets given as a sum of: 

v{x) = 4x^x + >^Hx^xf, (C2) 

V{(t>) = Vix^d^), V{(t>') = Vix^cl)'), Viri) = V{x^ri), (C3) 

V{v') = V{x ^ v'), V{p) = V{x ^ p), (C4) 

V{<f>,x) = 4''{<PU){xh) + 4H<Ph)ixU), (C5) 

Vicf>, = V{^, x^ <!>') + (0t0')(0t0/) + (</.'t0)(0't^), (C6) 

Vi<i>,rj) = V{(P,X^V), V{<P,v') = V{(t>,x^v'), (C7) 

V{^,p) = Vicp,x^p), V{^',x) = Vicl)^^',x), (C8) 

V{(l>',v) = V{4>^4>',X^ri), Vi(t)',v') = V{cj>^cl>',x^v'), (C9) 
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p) = ^cf>',x^p), V{x, v) = Vicl>^x,X^ri), (CIO) 

V{x, V') = V{cl)^x,X^ V'), V{x, p) = V{(t>^x,X^p), (Cll) 

VM) = V{^^r,,x^ V') + XT'iv^v'Wr^') + iv'^v)iv'^v), (C12) 

V{ri, p) = V{<f>^ri,x^p), V{ri', p) = V{<t> ^ rj' ,x ^ p), (C13) 
V^H'm'P = f^iX^ri + p[x<l>'v' + X\{^WWv') + Xi{ct>W){v''v) + \Wv){v''^4>') 
+AK,/.t7?0(r/V') + XWp){v'h) + A?(0'V)(r?^x) + Al(r?'tp)(0t^) 

+\l{r;^p){ct>'^x) + h.c. (C14) 

The l^ext is summed from only antisextet contributions: 

V{s) = pilTvisU) + Af TV[(sts)i(sts)i] + A|IV[(sts)r(s^s)i:] + A|TV[(sts)2(sts)2] 

+ AlTV(sts)iTr(sts)i + A^Tr(sts)i/TV(s'^s)i^ + \ITt{sU)2Tt{sU)2, (C15) 
V{s') = V{s^s'), (C16) 



V{s, s') = fil,T,{sU') + Af 'TV[(sts)i(s'ts')i] + \i''T,[{sU)As'U')y\ + Ar''IV[(sts)2(s'ts')2] 
+Af 'Tr(sts)iTr(s'ts')i + AfTr(sts)rTr(s'ts')i: + \f T,{sU)2T^{s'U')2 

+Af^'Tr(stsOiTr(s'ts)i + \f^TY{sW)vTY{s'U)v + Af|'Tr(sts')2Tr(s'ts)2 
+Af|'Tt[(5ts')i(sts')i] + A?|'lV[(stsOi:(st5')r] + Af5'TV[(sts')2(sts02] 

+Af6'Tr(.st.,')iTr(.sts')i + \{^Ti{sW)vTt{sW)i^ + \f^Ti{sW)2Ti{sU')2 
+Af9'Tr[(.sts)i(.st.,')iJ + \f£Tr[{sU)v{s'^s')v} + \fiTr[{sU)2{sU')^ 
+Af2'Tr(sts)i'IV(sts')i + Ag'Tr(sts)i,Tr(sts')i/ + \fiTi{sU)2^{sW)2 
+\?2iTT[{s'ls'Ush\] + y4T,[{s'U')AsU')y_] + \?,^T,[{s'U')2_{sU')2j^ 
+A||'Tr(/ts')iTr(st/)i + \'4Th:{s'W)vTh:{sW)^ + \t^TT{s'U')2Ti{sU')2 



+h.c. (C17) 

The Vtri-sext is given as a sum of all the terms connecting both the sectors: 

Vicl>,s) = Af(<^t<^)iv(sts)i + Af [(,^t^t)(^^)]^^ (C18) 

V{<P',s) = V{ct>^<P',s), V{x,s) = V{^^x,s), Viri,s) = V{cP^r],s), (C19) 

Virj', s) = l^(</> ^ 7]', s), V{p, s) = V{cp ^p,s) + {Af p[(pst)st]^ + h.c}, (C20) 

V{cl>, s') = Vicf>, s^s'), V{cl>', s') = Vicf> ^cf>',s^ s'), (C21) 

Vix, s') = Vi4>^x,s^ s'), V{v, s') = V{(l>^v,s^ s'), (C22) 
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V{cP ^p,s^s') + {Xf p[ips'^)s% + h.c}, 

V{4> ^ 4>', s, s'), Vix, s, s') = V{4> ^ X, s, s'), 

Vid^ ^ V, s, s'), V{v', s, s') = Vid) ^ ri', s, s'), 

V{cP ^ p, s, s') + {Xr'pKps^)s% + Xr' P[ips'^)s^]v + h.c}, 

{Xi<PW + X2V^v'ms^s)r + A3[(0^st)(s</.')]i + X^[{rih^){sri')]i 

+(A5</.V' + XeV^ri')Tris'^s')r + X7[{cf>^ s'^)is'cf>')]i + Xs[iv^ s'^)is'r,%_ 

+{XgcpW + Aio??tr?')Tr(sts')ii + Xu[{4>^ s^){s'<P')]i + XuHt]^ s^){s'7]% 

+(Ai30V + Ai4??tr70Tr(s'ts)r + Ai5[(0ts't)(s<^')]i + XieHv^ s'^)isri')] 



(C23) 



(C24) 



s, s' 



(C25) 



(C26) 



V{r),s,s' 



(C27) 



(C28) 



+/i.c. 



(C29) 



To provide the Majorana masses for the neutrinos, the lepton number must be broken. This 

can be achieved via the scalar potential violating U{l)c, however the other symmetries should be 
conserved. The C violating potential is given as 



V = 77xw' + [Ai(/)V + A20't<^' + A3X^^ + W^ + W?7' + A6pV + Wx + A8/3V 

+XgTr{sh)i + XwTi{s'h\ + AnTr + X^Tvis'^)^ (r/t^) + [Xn^W + 

+Ai5??^??' + Xierj'^T] + Xnrj'^x + AispV + Ai9TV(s^s)r + A2oT:(s'^s')i: + X2iTr{s^s')v 
+A22Tr(s'^s)i^](r?'^x) + [^23vU + '^2WW + A25?7'V](</'^x) + [^26vW + A27W + A28XV 
+X2Wp]{4>'^x) + [Aso'/'V + hict>'U + h2V^v' + h3v'^V + A34TV(sts)i, + A35Tr(s'ts')r 
+A36Tr(sts')i/ + A37Tr(s'ts)i.](0V) + [Ass^V + A39<^'V + A4oX^X + '^Wv + A42??'^??' 
+A43'IV(sts)i + A44Tr(s'ts')i + A45Tr(sts')i + A46'IV(s'ts)i](0'tp) + [X^vct^^v' +^48(t>'^v]{x^ p) 

+[A49<^tr?' + A5o0'^r?](r7V) + [Asi^^r? + A52</''^r?'](r?'tp) + A53[(r/tst)(sx)]i + A54[(r/^s't)(s'x)]i 

+X55[ir]^s^)is'x)]i + h6[iv^s'^)isx)]i+^^^ 
+\9[{r]'^s^){s'x)]i+^m[{v^s'^){sx)]i+M{p^^ 

+A63[(p^st)(sV)]i + A64[(/9ts't)(s0)]i + A65[(p^^)(s0')]i + M{p^s'^){s'c|>')]^ 

+A67[(/9ts^)(sV')]i + A68[(/>^5'^)(s(/>')]i + Xe9ms^)s^i + A7o0[(0s't)s't]i + Ari(A[(<A^^)s'^]i 
+X72ms'^)s\ + A73</)'[(</>'.st).st]i, + A740'[(c6'.s't).,'t]^ + A750'[(0'.st)s't]^ + A76</''[(<^'.s't)5t]^ 

+A77<^[(.^'s^)st]i + X78m's'^)s\ + A79</'[(</)'st)s't]i + Xsocl>[{(l)'s'^)s\ + A8i0'[(<^st)st]i, 
+A82<^'[(</'s't)s't]i, + Xs3(l>'[{(t>s^)s'^]r + A84</''[(0s't)st]^ + /,.c. (C30) 
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2. The 3-3-1 model with right-handed neutrinos 

The general potential is given as that of the 3-3-1 model with neutral fermions but all the terms 
relevant to the p scalar should be suppressed. In addition, T4ri-scxt contains extra terms as follows: 

+\2^m's'^>\ + \2^m's^)s\ + \27(t>Ws^)s\ + \2sm's^)s\ 

+A29</''[(0st)st]i, + A3O</''[(0s't)s't]i, + A31(/>'[(0st)s't]i, + X^2(t}'Us'^)s\_^ 

+h.c. (C31) 

It is noted that in the 3-3-1 model with neutral fermions the similar couplings appear, however, in 
the C violating potential (|C30p . Therefore it will disappear in the one mentioned below. 

The C violating potential for this model is similar to that of the 3-3-1 model with neutral 
fermions ()C30p . however all the interactions therein that have appeared in (lC3ip must be removed. 
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